Phase collapse and revival for Bose-Einstein condensates is a nonlinear phenomena appearing due atomic collisions. While it has been observed in a general setting involving many modes, for one-mode condensates its occurrence is forbidden by the particle number superselection rule (SSR), which arises because there is no phase reference available. We consider a single mode atomic Bose-Einstein condensate interacting with an off-resonant optical probe field. We show that the condensate phase revival time is dependent on the atom-light interaction, allowing optical control on the atomic collapse * Corresponding author 
Introduction
Collapse and revival phenomena in Bose-Einstein condensates (BECs) have been investigated since 1996 [1] , shortly after its experimental achievement with ultracold atoms [2, 3] . They are a consequence of the quantized structure of the matter field and the coherent interactions between the atoms through atomic collisions (See [4] , [5] , and references therein).
Dynamically originated due the presence of nonlinearities, phase collapse and revival is similar in nature to the collapse and revival appearing in Rabi oscillations when a single two-level atom interacts with a single mode of a quantized optical field in the so called Jaynes-Cummings model [6] , or when a coherent light field propagates in a non-linear medium [7] . The Jaynes-Cummings model was one of the first totally quantized and exactly solvable models of interaction between matter and radiation showing nontrivial features. The collapse and revival effects in the population difference between the states of a two-level atom placed in a single mode optical cavity was one of the first predicted and still explored phenomena [8, 9] , revealing quantum properties of a radiation field. It was observed experimentally for the first time using a microwave mode [10] . Achievement of Bose-Einstein condensation led to a new platform to explore such coherent phenomena considering the interaction of quantized optical fields with ultracold many particle atomic systems [11] .
The possibility of coexistence of nonlinear effects due to external influences opens an interesting avenue for investigating and controlling [12] such phenomena in BECs. Particularly, the control of phase collapse in BECs is extremely relevant for atomic interferometry since it might prevent phase diffusion, while allowing a performance below the standard quantum limit [13] . Several attempts on both developing new tools and pushing forward the possible frontiers for collapse control have been investigated for double-well condensates (See [14] , [15] , [12] and references therein). A possible approach is to consider the action of an external light probe over the atomic system, although, in general this leads to an even worse situation where the light field itself induces phase collapse in an irreversible manner. It is expected that, unless a time dependent interaction is employed, no further control is achieved.
Nonetheless, the interaction of the atomic system with a quantized light probe field can be engineered with the assistance of an additional pump field (See [11] for an excellent review on this topic). This scheme allows, e.g., the simultaneous amplification of atomic and optical fields, as well as control of the atomic field statistical properties [16, 17, 18] . Previously, with a setup relying on the atomic system-probe field interaction mediated through a classical pump [19] , we showed that under continuous photo-counting, the moments of the probe light photon number might carry information about the even moments of the atom number. However, neither the possibility of controlling of atomic properties with the proposed setup, or a detailed analysis about the effects of conditioned single photo-counting events over the BEC state, was carried out. Such analysis is important, given the interest in phase collapse time, since in some situations the detection process allows an additional control or better inference of parameters. For example, in [20] an optical probe continuous detection allows one to create relative phase of two spatially separated atomic BEC. Also, as showed in [21] , even dissipative environments can be useful to tailor dynamics of states and phase in cold atomic samples [22] .
We should remark that the phenomenon of collapse and revival for a single mode condensate overlaps with another significant issue in many-particle physics, which is the particle number Super-Selection Rule (SSR) [23] . The imposition of a global particle number conservation forbids the one-mode (many-particle) state to exist in a superposition of Fock states -only single Fock states or a mixture of those are allowed. However neither a Fock state nor a mixture of Fock states have a well defined phase, and therefore there will be no phase collapse and revival dynamics. A reference frame is needed to confirm that a quantum state which violates superselection rule exists [24] , (such as a Glauber coherent state in the context of the particle number SSR).
Therefore, although this might be less restrictive when dealing with two or many-modes condensates, see for example the discussion in [5] , due to the possibility of creating states with a well-defined relative phase in two mode systems [22] for example, for one-mode condensates this is a severe constraint.
Both for systems of identical massive particles (such as bosonic atoms) and for systems of identical massless particles (such as photons) there is however a long standing discussion of whether the SSR on particle number actually applies [25, 26, 27, 28, 29, 30, 31] . For systems of identical massive particles there are strong reasons why it does (see [25, 26, 28] ), whereas for systems of identical massless particles the situation is less clear (see [26, 30, 31] ). In Ref [26] (see Sections 3.2, 3.3, 3.4 and Appendices K, L ) the reasons why the situation may differ for atoms in Bose condensates and photons in optical modes are discussed. We see the possibility of observing the collapse and revival of the one-mode condensate as a test for the particle number SSR.
To address these questions, in this paper we analyse the situation in which a single mode atomic BEC is coupled to a quantized optical probe field, through an undepleted optical pump. The nonlinear nature of the engineered interaction between the atoms and the probe field, induces a proper dynamics of collapse and revival of the atomic phase, even in the absence of atomic collisions for a very diluted atomic gas, if a state with a well defined initial phase is assumed. We show that the characteristic revival time, depends on the commensurability between the parameters such as the coupling constants and the detuning between the transition frequency of the two level atoms (that represents our BEC) and the frequency of the pump field, as well as, the atomic collision parameter. This allows control over the atomic collapse and revival through the effective atom-light coupling parameters. However for states with not well defined initial phases no collapse and revival control is allowed. In addition, we include continuous photo-counting over the probe field and analyse its possible control over the collapse and revival times. We conclude that no further control is achieved by these measurements even when a state with a well defined phase is assumed. However since the optical field collects information about the BEC collapse and revival dynamics, when the photo-counting statistics is contrasted with the optical field phase dynamics, one gets an unequivocal proof of the condensate mode collapse and revival together with an inference on the BEC state.
This discussion is relevant for experimental investigation on the superselection rules and particle number conservation. So in similar fashion to many modes [5] , although coherent states would be inadequate to describe a single mode condensate with total number of atoms fixed (if no additional system is introduced to define a phase reference), it reveals many relevant features of the system dynamics. Indeed if collapse and revival is to be observed at all for a single BEC mode, the only possibility is that it must exist in a superposition of Fock states, violating the SSR.
The paper is organised as follows: In Section 2 we deduce the model for a BEC trapped in a single well potential, interacting with a classical undepleted optical field and a quantized optical probe mode in the far-off resonant regime. In Section 3 we discuss on the possible initial system states satisfying or violating the SSR. In Section 4, we analyse the collapse and revival dynamics of the BEC phase using the Husimi function and the variance of the phase operator. We show how the coupling parameters between atoms and light determine and enable to control the collapse and revival dynamics. In Section 5 we include an incoherent process through a continuous photo-detection on the quantized optical probe field. The effect of optical photo-counting over the BEC phase dynamics is analysed and a discussion on the SSR on the condensate mode and its statistics is given. Finally, in Section 6 we present the conclusions.
Model
We consider a system of bosonic two-level atoms interacting via two-body collisions and coupled through electric-dipole interaction with two singlemode running wave optical fields of frequencies ω 1 and ω 2 , and wavevectors k 1 and k 2 , respectively. The probe optical field (1) is treated quantum mechanically, while the pump (2) is undepleted and is treated classically. Both fields are assumed to be far off-resonance from any electronic transition, and the excited state population is small so that spontaneous emission may be neglected. Similarly, collisions among excited state atoms, as well as, collisions between ground state atoms with excited state ones, are very improbable and can also be neglected. In this regime the excited state can be adiabatically eliminated and the ground state atomic field plus the optical probe evolve coherently under the effective Hamiltonian [17, 18, 19] 
is the trap potential. ∆ = ω 2 − ν is the detuning between the atomic transition and the optical pump frequencies, g 1 and g 2 are the atom-light coupling coefficients, and k = k 1 − k 2 . The operators a 1 and a tial state. The local conservation of atom number for the BEC imposes a restriction on the kind of possible physical states. It has been a long standing question [23] that additional rules must be imposed when dealing with systems of indistinguishable particles -the so-called super selection rules (SSR). SSR and particle conservation number are intimately related to the requirement of a reference frame [29, 26, 27] for definition of state with well defined phase, forbidding an isolated one-mode multiparticle system to exist in a coherent superposition of Fock states. Therefore in a light-atom system, or the joint state is entangled -which allows to the matter field state to have a well defined phase (relative to the optical field), or if separable the BEC state must be a Fock state or a mixture of those. This issue has been discussed for a long time, but is not totally settled, since theoretically it might be possible to devise a preparation scheme for preparing a BEC in a single mode with a well-defined phase relative to another system which acts as a phase reference, though whether the high frequency oscillations of the coherences between different particle number states would be observable in non-relativistic quantum physics is doubtful (see [26] ). We here take a pragmatic investigative point of view, by assuming both situations, in agreement with the superselection rule or violating it, to check the consistency of information about the condensate that can be acquired by detection of the optical probe field. We assume that initially the atoms plus optical probe field joint
, where A and L stand for atoms and light, respectively. Since the optical field interacts with the atomic system inside a cavity, the initial optical field can be prepared in a coherent Glauber state given by ρ L (0) = |β β|. The time evolution of the combined system can be obtained exactly from the Hamiltonian (6). In the next section we will present an analysis of the BEC and light phase dynamics considering both pure and mixed initial states for the atomic field. In particular, for a hypothetical pure atomic initial state given by a coherent superposition of number operator eigenvalues, |ψ (0) A = m C m |m , we address a way to observe and control the revival times of the BEC phase by tuning the effective coupling between atoms and the probe field. In that situation the evolution of the initial state |ψ (0) = m C m |m ⊗ |β , is given by (See the appendix for a detailed derivation)
where
is the probe field coherent state time dependent amplitude and
is the relative phase introduced by the dynamics. The density operator for the combined system is ρ (t) = |ψ (t) ψ (t) | from which we can obtain both: the
It also follows that for an initial arbitrary mixture ρ A (0) = m,n ρ An,m |m n| the total state is given by the density operator
which for a incoherent statistical mixture writes as
and only the diagonal terms in Eq. (10) remain.
Condensate phase dynamics
As emphasised in the last section, to analyse the condensate phase dynamics and propose a scheme to control the phase revival times through the model described above, we examine three different types of atomic initial states. First we look to the case where the initial single mode BEC state is described by a coherent superposition of number operator eigenvalues given by the coherent Glauber state. Then we consider a well defined number state to be the initial single mode BEC state. Also, we consider a statistical mixture of states with differing particle numbers with a binomial weight, which is a reasonable state to consider as a simple example.
Considering that the initial state of the atoms is a coherent Glauber
in Eq. (7) . In this particular case, analyzing each term from Hamiltonian (6) separately, we are able to visualise different scenarios. For instance, its second term plays a key role on the collapse and revival of the atomic phase dynamics, typical of one-mode BECs (See Fig. 1 in Greiner et al. [4] for the atomic Husimi function
After evolving into states of totally uncertain phases and also some exact superpositions of coherent states, the atomic state fully recover the initial phase at the revival time
The third and fourth terms in Hamiltonian (6) describe the couplings between atoms and the quantum optical probe. The third term corresponds to a transfer of photons from the classical undepleted pump optical field to the quantized probe mode mediated by the atoms. The fourth term is quite relevant since it will also contribute to the collapse and revival of the BEC phase (and of the optical probe) due to the cross-Kerr type of nonlinearity.
The regime
κ, for a small detuning (large enough though to prevent spontaneous emission [11] ) or for a very diluted atomic gas (κ ≈ 0), is depicted in Fig. 1 for |α| 2 = 3. The collapse and revival dynamics occurs at a completely distinct revival time t L rev = 2π∆/|g 1 | 2 , depending on the atom-light interaction parameter.
A nontrivial dynamics occurs when both the second and fourth therms in (6) are of the same order, which can be reached by varying the detuning ∆. In a general way the revival occurs whenever the terms in a expansion spanned by Fock states of the atomic state are in phase. While it is easy to describe this when only the collision term or the interaction with the optical probe are on, the situation is more complicated when both terms are relevant. To show that, let us analyse the behaviour of the variance of the phase operator for the atomic mode [15] . For an initial coherent state of a large amplitude α, the phase variance is approximately V (φ) = 1/4|α| 2 and clearly shows that the phase is well defined for large α. For the chosen amplitude of |α| 2 = 3 the phase revival, as depicted in Fig. 2 , occurs every time V (φ) approaches zero. Note that the collapse and revival dynamics similar to the one in Fig.   1 in Greiner et al. [4] repeats several times in Fig. 2(a) for the atomic mode at the chosen time scale. However this behavior is very fragile and changes , the revival time coincides with the recurrence of the initial phase, which will take place whenever the following relation is satisfied
where l, m, and n are positive integers. This occurs for times such that
since t C rev = π/κ. The revival depends on the commensurability between |g 1 | 2 /∆ and κ. Since n and m are integers, when
, with p, q integers) we have
Given that pn(n − 1) + qnm is an integer and l is arbitrary, there always exists a lq = pn(n − 1) + qnm in the numerator of Eq. (14) , so that the revival time reduces to t rev = 2 
where |α ± are odd and even coherent states. Such states are useful, e.g., for teleportation [33] .
It is interesting to note that the optical probe field will also show a collapse and revival dynamics with the same time scale, as we can see from the optical Fig. 3 . The only extra effect that appears in the light field dynamics is due to the third term in Hamiltonian (6), which displaces an initial light field coherent state depending on the number of atoms in the BEC. Now, by assuming a BEC initial state with a well defined number state, (7)), the combined density operator is easily obtained and is given by
In this case, neither the atomic nor the optical field undergo collapse and revival of their phases. From the beginning both fields are disentangled and they remain so as the initial atomic state is a eigenstate of the Hamiltonian (6).
In addition we consider a statistical mixture, We set the BEC initial state to be a coherent state whose intensity is |α| 2 = 3. In (a) In this case the evolution of the combined system is given by
We see that while the atoms remains in its initial mixed state, the optical field evolves as a statistical mixture of coherent states weighted by the atoms probability distribution P m . This indicates that the optical field carries information about the condensate initial state. Specifically, to simplify, we (f ) t = 0.9(2π∆/|g 1 | 2 ); and a full revival of the initial coherent state is reached in (a) for t = 2π∆/|g 1 | 2 . We set the probe field initial intensity |β| 2 = 3.
consider the weights P m to be binomial weights
State (16) is obtained by tracing out one mode from a two-mode BEC binomial (or atomic coherent) state [12, 22] ,
and choosing θ = π/2. Typically the atomic coherent state represented by Table 1 . We see that the direct inference of the BEC phase collapse and revival dynamics through the optical field behaviour is compromised, since there are situations where it shows a collapse and revival dynamics while the atomic system does not. 
Probe field photodetection
So far we have assumed a coherent unitary evolution. Now, we turn to the situation where the probe light field is being detected. In several situations detection allows an additional control over systems [20, 21] . We employ a continuous photodetection model [19, 15] characterised by a set of operations
where P (k, t) = Tr [N t (k) ρ (0)] is the probability that k photocounts are observed during the time interval t. The operation
accounts for all possible one-count process, with Jρ = γaρa † (where γ is the detector counting rate, which is related to the detector efficiency, including specific physical detection process and geometrical aspects) followed by the non-unitary evolution between consecutive counts
After k-counts on the probe field, the conditioned joint state
where ρ An,m the matrix element of the initial state ρ A in the Fock basis, ρ A (0) = m,n ρ An,m |m n|, and
where f m (t) ≡ e −Γmt − 1 and
In Eqs. (23) and (24),
, and β m (t) = Λ m e −Γmt − iG m . Besides P (k, t) is given by
In Fig. 5 we plot the phase variance and the corresponding probability of occurrence for (a) k = 0 and (b) k = 1, respectively, for the same parameters found in Fig. 2(f) , and with γ = 2 × 10 −2 κ, when the BEC is prepared in a coherent state |α . In that situation, ρ An,m = e
in Eq. (22), and
We see in Fig. 5(a) that the no-counting does not affect the revival of the state, at the typical time scale for a no-count event ( Fig. 5(d) ). We only see some change after a few collapse and revivals. At the revival time scale the probability that k = 1 counting occurs is large enough so that the chance to get a revival of the BEC phase is severely compromised as we see in Fig. 5(b) .
In fact the same occurs for any k = 0. Therefore the phase evolution given by the postselected state is very sensitive, and whenever a photodetection event occurs the whole atom-light system state is so affected that there is no chance for a revival of the initial BEC phase. This contrasts to other situations where the detection process helps to define a phase. Therefore no further control is achieved, other than the one by the detuning frequency between optical field and atoms. For completeness, in Fig. 5(c) we plot the phase variance for unconditioned (pre-selected) state of the joint BEC-light system under the effect of counting,
Φm(t)+Φ * This is the situation when one is absolutely ignorant about the counting events, and therefore the best one can do is to assume a convex sum of all conditioned states ρ k (t) occurring with probability P (k, t). Effectively the evolved state (27) is equivalent to the situation where the light field is under the action of an amplitude damping channel, due to contact with a zero-temperature reservoir. Therefore the pre-selected state reflects the joint system incoherent evolution. We see in Fig 5(c) that there might be a chance of a partial or complete revival under damping depending on γ. The dependence on the counting rate is better seen in Fig. 6 where the phase variance value at the revival times is plotted against the variation of γ for the pre-selected state. We can see that above γ/2κ = 6×10
there is not a single phase revival, inside a tolerance of 10% (20%). All the following revivals can be tracked in a similar manner and obviously will be more sensitive to the variation of γ. We remark that the observed effect for one counting event (k = 1) would be similarly observed had we taken an arbitrary counting event, given by the state
occurring with probability 1 − P (0, t), with no further observed advantage than the one considered in Fig. 5 .
However, the more strikingly use of photocounting over the probe field is the inference on the atomic BEC statistics [19] . The r-th moment of the detected k photons at instant t is given by Figure 6 : Phase variance at the revival time calculated with the pre-selected state (27) as a function of the detector rate γ for the case shown in Fig. 2(f) . and with Eq. (25) gives
In the asymptotic regime γt >> 1 for a counting rate as such γ 2 >>
and therefore the photocounting statistics carries information on the even moments of the condensate atom number. Let us define
so that the reescaled average number of counted photons is given by the second moment of atoms number in the BEC,
Then it is immediate to check that in any of the previously considered initial state for the BEC we obtain for the average number of counted photons
where F , C, and B stand for Fock, Coherent, and Binomial mixture, respectively and N A = c † 0 c 0 . Since the Mandel Q parameter [34] for the atomic system is given by
from Eqs. (34) we obtain through photodetection
Therefore there is an enormous distinction on the statistics of the condensate state that can be probed by the optical field detection. The Mandel parameter ranges as −1 ≤ Q < 0, for sub-Poissonian statistics, and Q ≥ 0 for Poissonian and super-Poissonian statisitcs. This means that k ranges as 
Conclusion
The observed collapse and revival of the macroscopic matter wave field of a BEC interacting with an off-resonant quantized optical probe field is thoroughly dependent on the atom-light interaction parameters. It occurs whenever the existence of a BEC state with a well-defined phase is allowed.
However for the BEC state to have a well defined phase, it relies on the existence of an observer on a reference frame from whose perspective the superselection rules are violated. This issue of whether SSR on particle number apply or not (and in particular whether Glauber coherent states exist as physical states or are just a convenient mathematical fiction [30] ) has generated a very extensive discussion in the literature, both in the case of systems involving optical photon modes (identical massless bosons) and in the case of systems involving bosonic or fermionic atomic modes (identical massive bosons or fermions). For systems of identical massive particles there are strong reasons why it does (see [25, 26, 28] ), whereas for systems of identical massless particles the situation is less clear (see [26, 30, 31] ). However, from the point of view of a sceptic the issue is still unresolved. This issue has generated a very heated discussion in the literature, for example on whether coherent sates are only a "convenient fiction" [26, 27, 28, 29, 30, 31] or even if
SSR must apply at all [24] , which as far as we know have no definite solution.
Without entering into the merit of this discussion we offer a more pragmatic not as yet been proposed, the system here studied can be useful for experimental verification of the occurrence of such states. Therefore, we believe that an experimental investigation along the lines of our proposal can shed some light over the issue of particle conservation SSR and its imposition on the physically allowed quantum states for many particle systems. since the right hand side is in normal order. Solving (A.7), we obtain |β (t)
by |β (t) = N U (n) (β, β * , t) |β (t 0 ) . In our particular case, with the generator H DHO , we have ih ∂Ū t. Since |β (t) = U (t) |β = N e A+Bβ+Cβ * +Dβ * β |β = e A(t) e C(t)a † N e D(t)β * β e B(t)β |β , (A. 13) and f (a) |β = f (β) |β , then |β (t) = e A(t)+B(t)β e C(t)a † e D(t)βa † |β .
(A.14)
By identifying |β = e If we substitute the A (t), B (t), C (t) and D (t), ξ m , and F m in (A.15) we recover the Equations (7), (8) and (9) .
